Abstract: For a double quantum dot (DQD) system, we propose a Lyapunov control method to transfer the state from initial state to the target state on the picosecond scale, which open a significant new area of research for the system control theories. The control laws are composed of two-direction components, one is used to eliminate the dissipation in the system, another is used to transfer the state. The Lyapunov stability theorem ensures the system can be transferred to the target state in high probability, and the coefficients in control laws leads very fast convergence. The role of eliminating the dissipation plays the suppression of decoherence effect. Numerical simulation results show that the transfer probability and fidelity can be increased up to 98.79% and 98.97%, respectively. This is the first result directly applicable to a DQD system's state transferring using the Lyapunov control method. We also give specific experimental realization scheme.
Introduction
The decoherence time of the free electrons in semiconductor quantum dots is usually within a few nanoseconds ( 9 10 s ) [1] [2] [3] , the control operation on the picoseconds ( 12 10 s ) timescale may be necessary, namely the key point of the qubit manipulation need to accomplish the manipulation process of the quantum system before the decoherence. In recent years, people have worked intensively on the experimental apparatus for realizing this goal. LZS interference was first proposed by Landau, Zener and Stücklberg which occurs when the control field sweeps through the anti-crossing of a two-level system. There will generate a significant tunneling from the ground state to the excited state. In this way, the interference caused by the evolutionary trajectory of ground state and exited state will lead to the LZS interference. As the target state is defined by the constructive interference of LZS interference, and research results show that the LZS interference method is robust to certain types of noise and might enable the implementation of manipulating qubits with high fidelity [4] [5] [6] [7] . The coherent dynamics of LZS interference process aroused a great deal of interest for quantum control [8] . Cao et. al. carried out the qubits state transfer in a double quantum dot (DQD) system by utilizing the LZS interference [9] . In their experiments, the system could transfer from the initial state to target state with a probability of ~ 68%, and the fidelity of the system could reach ~ 80%.
Can other control methods be used for further improving the state transfer performances of the DQD system? Our answer is yes.
The manipulation of the dynamics characteristic of the quantum system is intended to design a suitable control strategy on one or more performance indexes, which can lead the system evolving to the desired target state with high probability [10] . Quantum Lyapunov control method has been studied for more than ten years, and obtained series of research achievements [11, 12] . We expect to use quantum Lyapunov control method [13] to design a Lyapunov control field specially for the state transfer of two-level DQD system in order to obtain higher state transfer performances. This paper will theoretically provide a more ultrafast control method for two-level DQD system. We verify the superiorities of the designed Lyapunov control field in state transfer probability by numerical simulations.
Two-level DQD system model and LZS interference manipulation
A Two-level DQD system is prepared within a GaAs/AlGaAs hetero structure, Fig. 1 B are the plunger gate of two quantum dots, on which the control fields impose to manipulate the dynamic characteristics of quantum dots. 4 A and 4 B control the channel current of the QPC. The opening upon L and R is used to enhance the coupling between the two dots and increase the sensitivity of the QPC. Every change of the number of electrons in quantum dots will lead to the change of conductance in the QPC, denoted as QPC G .
The QPC G represents the state change of the dots and can be measured by M. In such a way, there is no need to measure the change of the current in dots and the difficulty for measuring is avoided. L E and R E are the energy levels for an electron in left and right quantum dots L and R , Proceedings of the 34th Chinese Control Conference July 28-30, 2015, Hangzhou, China respectively. The size of L E can be adjusted by applying external control field at the gate pattern 3 A , similarly R E can be adjusted by applying external control field at the gate pattern 3 B . Fig, 2 is the two-level DQD system state transfer diagram. The system detuning is denoted by the difference of R E and L E : According to the LZS interference, the key to the state transfer of two-level DQD system is adjusting the system detuning . One can see from Eq. (1) that the energy levels R E and L E can be adjusted by applying external control field. Thus the level detuning is adjustable by external control field. When the external control field drives the system to the anti-crossing ( 0 ), the Landau-Zener tunneling will take place in the two-level DQD system. The ground state will jump into the excited state with the probability of LZ P . When the control field drives the system to the anti-crossing the second time, the accumulated phase caused by the interference of two energy levels is i . The constructive interference occurs when the accumulated phase 2
, the system will transfer from initial state to desired state. The destructive interference occurs when the accumulated phase 2 /2 i N , 0,1, 2... N the system will remain at the initial state.
The state transfer probability from initial state to desired state throughout the process is [7] :
where, LZ is a phase related to Stokes phenomenon which is small enough to be ignored [9] . LZ P and i are: 
E t E t dt E t E t dt (4)
where, E and E represent the energy levels of the bonding and anti-bonding states, respectively. The relation between the detuning and E is:
E , where is the energy level difference of the bonding and anti-bonding states at the anti-crossing, denoted as anticrossing gap.
The control field to realize the state transfer of quantum dots based on LZS interference is a periodic function with a amplitude of A . Cao et. al. adopted a triangular periodic function with the amplitude of A in their experiment [9] , in which the rising time is denoted as r t , the cycle of the control field is 2 r t as shown in Fig. 2 . The relation between the detuning and external control field is [9] :
where, / r v A t represents the rising velocity of the control field, 0 is initial value of the detuning generated in the preparation process of two-level DQD system. (4), respectively, and compute the integration , one can obtain:
where, / 2 h . Take the Eq. (6), Eq. (7) and / r v A t into the transfer probability Eq. (2) 
In next section, we will design a control field for two-level DQD system based on Lyapunov control method in order to obtain higher transfer probability and shorter time from the initial state to the desired state.
Design of control field for the two-level DQD system based on Lyapunov control method
The master equation of the controlled two-level DQD system is [9] :
where,
is the dissipation described by standard Lindblad form:
where , For the design of the control law based on Lyapunov control method, one should select a Lyapunov function V x which is semi-definite positive and differentiable in the phase space x [11] . The control law of the system is acquired by ensuring the system stable condition: 0 V x . Here we chose the Lyapunov function based on state distance as [13] :
where, represents system state, f represents final state. The first time derivative of Eq. (13) 
where, , (14) may be positive and negative, it could lead the symbol of V x to be uncertain. In order to obtain the control laws that ensure 0 V x , the main idea of designing the control laws is that we adopt two control fields, one control is used to offset the influence of the dissipation term C, another is used to manipulate the state transfer. With the coordination of the two control fields, the 0 V x can always be hold during the whole control procedure. On the other hand, an adjustable threshold variable is introduced to limit the value of m D , and used to determine which control of two to counteract the dissipation term. The specific design process is as follows: 3) If 1 D and 2 D hold, then we calculate the value of the Lyapunov function V to estimate the distance between the controlled state and the target state. The control object is deemed to be achieved if the transfer error has reached a pre-given value , otherwise one needs to reselect the control parameters 1 g and 2 g . According to the analysis mentioned above, the control fields f are designed as:
where, is the threshold introduced to avoid the mathematical singularity in the fractional expression of the control laws. We set 6 5 10 . 1 g and 2 g are the adjustable parameters of the control fields.
Numerical simulation and result analysis
To investigate the performances of the control methods proposed in this paper, we have done two things as follows: 1) Numerical simulation of the two-level DQD system state transfer based on the LZS interference method, and result analysis. 2) Numerical simulation of state transfer based on quantum Lyapunov control method proposed, and the results comparison with the LZS interference method.
In the control field (15), the most important thing is to determine the two adjustable control parameters 1 g and 2 g . In our simulation the density matrix in the control is obtained by numerically solving the master Eq. (11) . The qubit transfer probability and ultrafast control performance of the Lyapunov control are studied in different control parameters. At the detuning energy of 0 400 eV , 1 5 T ns, 2 5 T ns, the time-resolution is 0.1 ps, the simulations of three groups of 1 g and 2 g , their transfer probabilities, and the control laws as functions with time duration p t are shown in Fig. 3 , from which one can see that the qubit transfer probability can achieve 99.95% at 50 . This simulation results indicate that the Lyapunov control is an ultrafast control. At the same time, the method proposed has the very high state transfer probability which is guaranteed by the Lyapunov stability theorem. Fig. 4 Simulation results of the charge qubit dynamics using the realistic control fields Considering the external control field will be generated in the Lab. by the Agilent 81134A pulse generator with the time-resolution of 1 ps [9] , the realistic parameters of the Lyapunov control are further studied. To obtain the parameters with good performance, the transfer probability In such a way we find a better adjustable control parameters 1 2 0.22 g g . Fixed these control parameters, the transfer probability L P as a function of 0 and the control duration time p t is also studied. The results are shown as in Fig. 4b . The better energy position 0 90 eV is obtained according to the simulation results. The control fields under the above better parameters obtained are shown as in Fig. 4c . The density matrices of the qubit state transfer for the DQD system from the initial state R to the final state L are shown in Fig. 5 , in which 11 is probability of the qubit in state L . The maximum transfer probability ( 11 in Fig. 5a ) under Lyapunov control is 98.79%, which appears at 71 p t ps. We also carried out the simulation performance of the density matrix under the LZS interference introduced in [9] , and the result shows that the transfer probability ( 11 in Fig. 5b ) is 67.68% at 116 p t ps, which fits the results of the experiments in [9] perfectly.
(a) State transfer probability L P = 11 under the Lyapunov control.
(b) State transfer probability L P = 11 under the LZS interference pattern. Fig. 5 Simulation results of the state transfer for the DQD system.
Performance analysis
The Bures fidelity is used in the numerical simulations, which is defined as [15] [16]:
where s is the density matrix of the system, f is the final density matrix, and 0 0
The simulation results of operation fidelity defined in (16) as a function of the pulse duration time p t and decoherence time 2 T are shown in Fig. 6a . These results reveal that given an appropriate regime of charge-state decoherence, at the control time of ~ 100 ps, the value of the fidelity higher than 98.97% ( 2 T = 5ns) can be achieved under the Lyapunov control. The performance of the system fidelity has great advantage over that based on the LZS interference not only in the robustness against the dissipation, but also in the fidelity.
The Hamiltonian of a two-level double quantum dot under the LZS interference control is [9] :one has
